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ABSTRACT

Solutions are obtained for convective regions in a continuously stratified, linearized primitive equation model
using a smoothly posed moist convective adjustment parameterization of cumulus convection. In the approxi-
mation in which the convective adjustment time is fast compared to other processes, the vertical structure of
the temperature field is constrained to be close to the quasi-equilibrium structure determined by the convective
scheme. This in turn constrains the vertical structure of the baroclinic pressure gradients and velocity field.
Analytic solutions result for vertical structures, while the horizontal and time dependence is governed by equations
akin to shallow water equations. These consist of equations linking baroclinic velocities and pressure gradients,
plus a moist static energy equation governing thermodynamics. This system holds for basic states that are slowly
varying in space, for regions where deep convection happens frequently enough to constrain the temperature
field.

An effective static stability for these convectively constrained motions, the gross moist stability M, is defined
in terms of thermodynamic variables. In time-dependent solutions, M determines phase speeds in deep convective
regions. In solutions forced by sea surface temperature, M determines the work that must be done by vertical
motion, which must in turn be balanced by surface fluxes. Surface fluxes tend to draw boundary layer temperature
and moisture toward values determined by SST, while the convection translates these into deep baroclinic
temperature and pressure gradients. The balance between surface fluxes and the effect of the gross moist stability
on vertical motion determines how closely boundary layer enthalpy can follow SST. This picture combines
modified versions of mechanisms proposed in simple models by Lindzen and Nigam, and Neelin and Held within
a thermodynamically consistent framework. It also helps interpret models with convergence feedback schemes
and the Gill model, and allows free parameters in these models to be related to basic thermodynamic quantities.

1. Introduction

Solutions for tropical flow in convective regions ap-
pear complex because of intricate processes involving
moist convective parameterization. The eigenvalue stud-
ies of Neelin and Yu (1994, NY hereafter) and Yu and
Neelin (1994, YN hereafter), however, found surpris-
ingly simple analytic solutions using a smooth moist
convective adjustment (MCA) convective parameter-
ization. MCA is the simplest of the quasi-equilibrium
(QE) class of convective parameterization, which as-
sumes that the bulk effect of convective motions on fast
timescales is to constrain the vertical profiles of buoy-
ancy related variables. In the NY–YN study, the strong
QE constraints acting on the temperature profile largely
determine the vertical structure of the flow field, and it
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is this that facilitates analytical solutions. A notable fea-
ture of the NY–YN eigensolutions was the lack of con-
ditional instability of the second kind, CISK, despite
the crucial role of convection, so NY introduced con-
vective interaction with dynamics (CID) as a generic
acronym to refer to large-scale tropical phenomena in-
volving interactions between large-scale dynamics and
the collective effects of cumulus convection. In this pa-
per, we follow NY’s machinery and show how three-
dimensional near-analytic solutions can be derived in
deep convective regions when a smoothly posed MCA
scheme (e.g., Betts 1986; Betts and Miller 1986) is used
in a linearized primitive equation model.

As in many GCMs and simple models, the model
atmosphere in this paper is set in motion by differential
surface flux input, including evaporation and sensible
heat, resulting from sea surface temperature (SST)
anomalies. Most simple models employed in studying
the atmospheric response to SST anomalies greatly sim-
plify the complicated physical processes involving cu-
mulus convection effects and boundary layer fluxes. The
atmospheric heating anomaly is either empirically
linked to the SST (Gill 1980; Gill and Rasmusson 1983)
or indirectly linked to the SST through simple para-
meterizations of heating, surface fluxes and other feed-
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back mechanisms (Webster 1981; Zebiak 1982, 1986;
Weare 1986; Kleeman 1991). Neelin and Held (1987)
approached the atmosphere coupling to SST in the Trop-
ics by using the moist static energy budget. They
claimed that the time-mean low-level convergence in
the tropical atmosphere is associated with the small val-
ue of the effective moist stability. A seemingly different
approach was proposed by Lindzen and Nigam (1987).
They assumed that the SST gradient can affect the
boundary layer temperature gradient through turbulent
vertical mixing, which in turn yields a pressure gradient
force to drive the boundary layer flow.

In spite of the fact that simple models have bypassed
complicated physical processes, these models can some-
times behave qualitatively similar to GCM simulations
and even to the observations. This suggests that some
important dynamical processes responsible for the at-
mospheric response may have been captured by some
of these simple assumptions. However, the simple mod-
els often produce indistinguishably similar simulations
based on very different physical assumptions (Neelin
1989). This disagreement suggests that we lack a firm
understanding of the exact mechanisms driving even the
most basic of tropical climate features, such as the Walk-
er circulation and the ITCZ. The ambiguity arises from
the fact that the convective interaction with dynamics,
which is of crucial importance for tropical dynamics, is
at best crudely represented. By employing a model that
includes a cumulus parameterization closely related to
one used in some GCMs that can better resolve the
vertical structures of the dynamics, one might hope to
distinguish among the hypothesized mechanisms, to ex-
plain why the simple models sometimes work, and to
understand their limitations.

Section 2 displays complete formulation of the lin-
earized primitive equation model, including cumulus
convection and surface flux parameterizations. Section
3 provides the analytical approach toward the asymp-
totic solutions, including discussion of the QE assump-
tions employed by the Betts–Miller MCA scheme and
the resulting dynamic system. Section 4 discusses the
model behavior, including implications of the model for
other simpler models, and provides an example for a
simple Gill-like case. Conclusions are presented in sec-
tion 5.

2. Model equations and physics

The primitive equations linearized about a continu-
ously stratified basic state in radiative–convective equi-
librium [see (2.2.a)–(2.2.c) of NY for details] can be
expressed as

(]t 1 Dm)v9 1 f k 3 v9 1 =f9 5 0, (2.1a)

p

f9 5 f9 1 k T dln p, (2.1b)0 E
p

0

=·v9 1 ] v9 5 0, (2.1c)p

(] 1 D 1 e )T9 1 (] s)v9 5 Q9 1 g] F9, (2.1d)t T r p c p T

(] 1 D )q9 1 (] q)v9 5 Q9 1 g] F9, (2.1e)t T p q p q

where v9, f, v9, T9, and q9 denote perturbations of hor-
izontal wind (in vector form), geopotential height, pres-
sure velocity, temperature, and specific humidity, re-
spectively. Notation k denotes the upward unit vector,
k 5 R/Cp denotes the ratio of gas constant to heat ca-
pacity at constant pressure, and ]ps and ]pq denote strat-
ifications of basic-state dry static energy and specific
humidity in the troposphere. Here, and denote theQ9 Q9c q

convective heating and moisture source perturbations
due to subgrid-scale cumulus convection. They are func-
tions of perturbations and basic-state thermodynamic
quantities (T9, q9, , , T), as will be specified in theT9 q9b b

cumulus parameterization later. For brevity, we have
absorbed Cp (L) into temperature (specific humidity) in
(2.1b), (2.1d), and (2.1e) so they both have energy units
(J kg21).

In (2.1a), (2.1d), and (2.1e), we have defined two
linear operators,

2D 5 U·¹ 1 A ¹ 1 e , (2.2a)m m m

2D 5 U·¹ 1 A ¹ , (2.2b)T h

where U is the barotropic mean zonal wind, Am and Ah

denote the horizontal diffusion coefficients for the mo-
mentum and temperature (moisture) equations, and em

represents the Rayleigh friction damping rate. We note
that Dm and DT have to be barotropic to get the analytic
approximations. Vertical diffusions of T9 and q9 are left
implicitly in flux forms, with and (both in unitsF9 F9T q

of J m22 s21) denoting the sensible heat flux and moisture
flux, respectively. For the boundary conditions, we let
both fluxes vanish at the model top but approach, re-
spectively, surface sensible heat flux and surface evap-
oration at the surface (i.e., 5 H9 and 5 E9 at pF9 F9T q

5 p0). Also in (2.1a) and (2.1d), we have used a simple
Rayleigh damping and a simple Newtonian cooling term
in momentum and temperature equations to crudely rep-
resent the radiative and frictional damping effects in the
model.

a. Parameterization of cumulus convection

The collective effects of cumulus convection are par-
ameterized using the Betts–Miller (Betts 1986; Betts and
Miller 1986) MCA scheme. The Betts–Miller scheme
is a gentler version of the MCA due to the introduction
of a relaxation time, tc, in smoothly adjusting temper-
ature and moisture toward selected reference profiles.
The convective heating and moisture source are repre-
sented as

21Q9 5 t (T 9 2 T9 2 DT 9), (2.3a)c c c c

21Q9 5 t (q9 2 q9), (2.3b)q c c
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where and are the temperature and specific hu-T9 q9c c

midity reference profiles toward which convective ad-
justment occurs, which are themselves functions of the
basic-state and large-scale thermodynamic variables.
Here, D is a temperature correction to satisfy the moistT9c
enthalpy conservation constraint in the column from
cloud top (pT) down to sea surface level (p0):

p p
0 0dp dp

Q9 1 Q9 5 0, (2.4)E c E qg gp p
T T

which is nonlocal in the vertical. In the analytical ap-
proach, this yields a correction term for the moist en-
thalpy conservation constraint. Assuming the temper-
ature correction is constant in the vertical,

p p
0 0

21DT 9 5 Dp (T 9 2 T9) dp 1 (q9 2 q9) dp ,c E c E cT [ ]
p pT T

(2.5)

where DpT is defined as the total length column over
which the moist processes take place. We note that the
part of heating associated with adjustment toward ref-
erence profiles [i.e., ( 2 T9)] stops at the cloud21t T9c c

base, while the energy correction term (D ) is appliedT9c
in the heating column, including cloud base.

Following NY–YN, the temperature reference profile
can be expressed in terms of a simple function of the
boundary layer thermodynamic quantity :h9b

5 A(p,x,y) ,T9 h9c b (2.6)

where 5 ( 1 ) is the boundary layer moist en-h9 T9 q9b b b

thalpy, and and denote the temperature and specificT9 q9b b

humidity perturbations at the bottom of the planetary
boundary layer (PBL). Here, A(p,x,y) denotes the three-
dimensional dependence of the temperature reference
profile on . Its structure is a function of the basic-stateh9b
thermodynamic variables. Using a dry adiabat within
the PBL and moist adiabat from the top of the PBL
yields

21 kA(p, x, y) 5 (1 1 g) (p /p )b 0

p
b

213 exp 2k (1 1 g) dln p ,E[ ]
p

p $ p $ p ; (2.7a)b T

21A(p, x, y) 5 (1 1 g ) (p/p ), p $ p $ p ; (2.7b)b 0 0 b

where g 5 (dqsat/dT)z and qsat is the saturation specific¯
T

humidity. This is appropriate to a parcel rising from the
bottom of the PBL or from anywhere within a well-
mixed PBL, taking saturation to occur at .p9b

Also following NY–YN, the moisture reference pro-
file is chosen to have a given fraction of saturation; that
is,

5 a 5 agT9.q9 q9c sat (2.8)

Here, a 5 1 denotes 100% saturation. In the numerical
calculations in section 4c, we let the moisture profile
be subsaturated (a , 1) in the convective column, as
may be observed in most precipitating regions.

b. Parameterization of surface fluxes

To incorporate the boundary layer fluxes into the
model, two bulk formulas are used for the linearized
surface sensible heat flux (H9) and surface evaporation
(E9). Following NY, they are given by

k(g /Dp )H9 5 e [T 9 2 (p /p ) T9] 2 Fu9, (2.9a)T T s 0 b b 0

(g /Dp )E9 5 e [g T9 2 q9] 2 Gu9, (2.9b)T T 0 s b 0

where eT 5 rCDW(DpT/g)21 is a damping rate associated
with temperature and moisture per unit tropospheric
depth (DpT); W denotes the mean surface wind speed,
which is potentially a function of space; r is the density
of air; CD is the surface exchange coefficient (or drag
coefficient); g0 5 (dqsat/dT) ; and denotes the SST¯z T9T s0

perturbation. Estimates of eT suggest a magnitude on
the order of (10 days)21 to (20 days)21, depending on
the values of parameters. The second terms on the rhs
of (2.9a) and (2.9b) represent the wind feedback mech-
anisms with evaporation–wind feedback constant F and
sensible heat flux wind feedback constant G:

F 5 2(dW/du )(g/Dp )rC (q (T ) 2 q ), (2.10a)0 T D sat s b

G 5 2(dW/du )(g/Dp )rC (T 2 T ), (2.10b)0 T D s b

where u0 is the surface zonal wind and in (2.9a) andu90
(2.b) is its perturbation part.

The SST forcing enters the boundary layer thermo-
dynamics through both the surface sensible heat flux
and the surface evaporation in (2.9a) and (2.9b). The
subsequent release of latent heat in the cumulus con-
vection then redistributes the moist enthalpy in vertical
to maintain a thermodynamically consistent three-di-
mensional circulation. We also note that only surface
flux terms associated with contribute to the forcingT9s
by SST. The other part of the fluxes (notably terms
associated with and ) belongs to a portion of theT9 q9b b

response, so fluxes are determined as part of the re-
sponse to the SST forcing. The forcing term e (1 1T

is much larger than the fluxes themselves, sinceg )T90 s

there is cancellation within the fluxes.

3. Analytical framework

In a time-dependent case, linearized about a homo-
geneous basic state, NY–YN found that the convective
QE constraints select a unique vertical mode, the prop-
agating deep convective mode characterized by the slow
timescale and near-adjusted thermodynamic structures,
as the only geophysically interesting mode arising
through CID at large scales. Motivated by those results,
we anticipate that the QE constraints will yield similar
simplifications for the tropical large-scale, slowly vary-
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ing flow forced by SST distribution in the lower bound-
ary. Here, we mimic NY’s machinery and show how
three-dimensional near-analytic flow can be derived
through MCA’s convective constraints in deep convec-
tive regions.

a. Convective quasi-equilibrium constraints

In this paper, analytic approximations of the model
come from a perturbation expansion based on the con-
vective QE assumptions. More precisely, we assume that
the timescale tc at which sub-Reynolds-scale convective
processes remove convective available potential energy
is much shorter than either the timescale of large-scale
variability or any of the timescale parameters charac-
terizing the dynamics of the time-mean circulation (e.g.,
timescales associated with damping, effects of stratifi-
cation on large-scale motions, etc.).

Expanding all perturbation variables in orders of tc,
( ) 5 ( )(0) 1 tc( )(1) 1 ( )(2) 1 ··· , and using the MCA2tc

temperature closure (2.6) on the T reference profile, the
order unity [i.e., O( )] balance yields0tc

T(0) 5 A(p, x, y) .(0)hb (3.1)

If we further use the MCA moisture closure (2.8), we
can get

q(0) 5 agA(p, x, y) (0)hb (3.2)

and a simple relation between hb and Tb:

5 (1 1 abgb) .(0) (0)h Tb b (3.3)

Since only the zeroth-order (QE) thermodynamic
variables are needed for a closed set of equations, we
neglect all superscripts hereafter for brevity.

b. Asymptotic solutions for slowly varying basic
states

To simplify the problem for near-analytic solutions,
we assume that the basic state is only slowly varying
in the Tropics. That is, we assume that the length scale
associated with horizontal variations of the basic state
(L) is large compared to the length scales associated
with perturbations of interest (l). This condition can
always be obtained in principle by making the SST dis-
tribution that forces the basic state flatter and flatter so
that the homogeneous case is approached. Some basic-
state quantities thus may be expressed as

s 5 s(p, hx, hy), q 5 q (p, hx, hy),

A 5 A(p, hx, hy), (3.4)

where h 5 l/L is a small (or slow) parameter. We note
that, under these assumptions, the gradients of the above
basic-state quantities are on the order of h.

With the QE constraint (3.1) in the momentum and
hydrostatic equations (2.1a) and (2.1b) (and taking the
momentum damping rate em constant in p), the solutions
for horizontal velocity can be written as

1v(x, y, p, t) 5 v (x, y, t)A (p, hx, hy)T

1 v (x, y, t), (3.5)0

where vT provides the spatial and time dependence of
the part of circulation associated with the QE-driven
baroclinic component, and v0 is the surface wind. In-
tegrating the continuity equation (2.1c) from any level
p in the troposphere down to the surface level p0 and
using (3.5) yields

p
0

1v 5 v 1 (A =·v 1 =·v ) dp9, (3.6)0 E T 0

p

where v0 is the pressure velocity at surface level due
to the existence of topography and

p
0

1A (p, hx, hy) 5 k A(p9, hx, hy) dlnp9. (3.7)E
p

If we use the rigid-lid condition and neglect topog-
raphy (i.e., vT 5 0 and v0 5 0), we get a simple relation
between vT and v0:

v0 5 2 vT 1 O(h),1̂A (3.8)

where 5 D A1dp denotes the vertically aver-
p

1 21 0Â p ∫pTT

aged quantity. Thus v becomes

p
0

1 1̂v 5 (A 2 A ) dp =·v 1 O(h). (3.9)E T[ ]
p

For the kinematic part, using (2.1b) in (2.1a) and then
subtracting the latter from its surface level part, the flow
implied by the QE thermodynamic constraints becomes

(]t 1 Dm)vT 1 byk 3 vT 1 =hb 5 0, (3.10)

where we have neglected terms of O(h) or smaller in
(3.10). As noted from (3.10), the QE constraints acting
on ¹f through the T reference profile greatly simplify
the kinematics of the tropical circulation.

For the thermodynamic part, since heating and mois-
ture sink are not quantities that need to be treated di-
rectly in the analytical approach under the QE con-
straints (they are obtained diagnostically from the so-
lutions), we can use the vertically integrated moist static
energy equation implied by (2.4) to replace the ther-
modynamic equations. Neglecting both wind feedback
terms in (2.9a) and (2.9b), the order tc energy constraint
becomes simply the vertically integrated moist static
energy equation

ˆ[(] 1 D )A* 1 (Ae 1 e )]ht T r T b

p
0

211 Dp (] h)v dp 5 (1 1 g )e T , (3.11)T E p 0 T s

p
T

where

A*(hx, hy) 5 Â 1 ̂agA. (3.12)

A suitable upper-boundary condition is required for



1058 VOLUME 54J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

(3.11) to get the three-dimensional tropical circulation
forced by SST anomalies. For the simplest rigid-lid case,
under the slowly varying basic-state assumptions con-
sidered here, the cloud top (pT) is also a slowly varying
function of x and y. Thus the cloud-top pressure velocity
(vT) is on the order of h. This is a handy property since
the order unity balances are automatically closed to form
a neat analytical expression of the atmospheric response
to SST anomalies while, at the same time, permitting
the horizontal inhomogeneity of the thermodynamic ba-
sic states to order h. The radiation condition does not
qualitatively change the dynamics of the large-scale tro-
pospheric motions constrained by convection of concern
here. It only gives a small correction to the propagation
tendency and introduces scale selectivity favoring plan-
etary scale waves, as pointed out by NY and Yano and
Emanuel (1991).

Using (3.9) in (3.11) and neglecting terms of O(h)
gives the following QE moist static energy equation:

[(]t 1DT)A* 1 (Âer 1 eT)]hb 1 M=·vT

5 (1 1 g0)eTTs,
(3.13)

where M (in units of J kg21) is defined as
p p

0 0

21 1 1̂M(hx, hy) 5 Dp (] h) (A 2 A ) dp9 dp.T E p E
p p

T

(3.14)

The ‘‘gross moist stability’’ M represents the net static
stability in the troposphere, including moisture effects,
felt by the QE perturbations. It was first defined by Neelin
and Held (1987) in a two-level model and was later re-
defined more precisely by NY in a homogeneous basic
state. We note that, except for using p0 as the reference
level and permitting a slowly varying basic state, the
expression (3.14) is identical to that of NY. The derivation
above not only gives a precise meaning to the gross moist
stability, but also to the net thermodynamic damping in
a vertically continuous atmosphere. An estimate of M
using Jordan’s (1958) sounding profile suggests a value
of about 180 J kg21 (NY), corresponding to the phase
speed of about 13 m s21. This value is much smaller than
the phase speed for dry wave motions. Detailed discus-
sion of (3.14) and its implications to other simple models
is presented in section 4.

The wind feedback mechanisms of (2.9a) and (2.9b)
have been omitted for clarity in (3.13). These simply
add a term F* with F* 5 2(F 1 G) uT, and F and1̂u9 AT

G as in (2.10a) and (2.10b). Equations (3.10) and (3.13),
along with the two diagnostic equations (3.8) and (3.9),
form a closed set of equations for the three-dimensional
tropical flow forced by SST. The economy of this model
comes from the fact that the QE assumptions determine
the vertical structure of the dynamic response. Once the
associated horizontal response is solved for, the three-
dimensional structures of the tropical flow can be readily
reconstructed.

4. Model behavior

The internal variability of the model presented in the
previous section for the unforced case yields results sim-
ilar to those of NY–YN. We omit the discussion here
and focus on the steady-state behavior of the model. To
facilitate discussion, we also let Dm 5 em and DT 5 0.
This makes the kinematic part of the model similar to
the Gill-like models. However, the thermodynamic part
of the model is still considerably improved compared
to most simple models in the sense that cumulus con-
vection and boundary layer flux parameterizations are
approximations to those that are used or could be used
in a GCM.

a. Gross moisture stratification

Due to the explicit representation of moisture pro-
cesses in the model, the precipitation rate (P) can be
directly calculated from the moisture budget:

DpT
P 5 E 1 M =·v , (4.1)q Tg

where

p p
0 0

21 1 1̂M (hx, hy) 5 2Dp (] ) (A 2 A ) dp9 dpqq T E p E
p p

T

(4.2)

is termed the ‘‘gross moisture stratification,’’ denoting
the part of M due to stratification of moisture. Roughly
speaking, Mq measures the moisture available for pre-
cipitation from moisture convergence in deep convec-
tive regions. As noted in (4.1), the precipitation pattern
is in phase with the large-scale convergence. However,
the precipitation strength is dictated by both Mq and vT.

To obtain a feeling for how the precipitation depends
on the dynamics consider the case where the M term
would dominate the balance on the lhs of the QE moist
state energy equation (3.13) (the physical situations
where this would hold depend as much on the scales of
forcing as on the magnitude of M and the thermody-
namic damping terms). Then the moisture convergence
contribution to the precipitation pattern is directly pro-
portional to the SST forcing, with the amplitude deter-
mined by the ratio of gross moist stratification to gross
moist stability; that is,

P a (MqM21)Ts. (4.3)

In the opposite case, where the thermodynamic damping
terms dominate in (3.13), hb rather than the convergence
is proportional to Ts. For the precipitation pattern, this
implies smaller scales due to wave dynamics, and it
tends to concentrate near the SST anomaly maximum.
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b. Comparison with simpler models

Using (3.10) to eliminate vT through the relation =·vT

5Lx,yhb, we can rewrite the moist static energy equation
(3.13) as

[(Âer 1 eT) 2 MLx,y]hb 5 (1 1 g0)eTTs, (4.4)

where

2 2e b( f 2 e )m m2L 5 ] 1 ]x,y x x2 2 2 2 2(e 1 f ) (e 1 f )m m

e 2e b fm m21 ] 2 ] (4.5)y y2 2 2 2 2(e 1 f ) (e 1 f )m m

is a linear operator in space. Physically, inversion of
this operator implies redistribution of the atmospheric
response to SST forcing by wave dynamics. In (4.5), b
5 df/dy and the second derivative of f has been ne-
glected. We note that, as f becomes large, the Lx,y term
in (4.4) becomes less important. The atmosphere thus
exhibits less nonlocal response in hb and vT away from
the equator. Near the equator, M gives nonlocal response
in steady-state cases and its value is of crucial impor-
tance to winds in the equatorial waveguide.

The analytic approximations for the simplest case
(i.e., using Raleigh friction in the momentum equation
and Newtonian cooling in the temperature equation) pre-
sented here provide links to many of the simpler at-
mospheric models that currently reign in the coupled
model studies (e.g., Gill 1980; Lindzen and Nigam
1987; Zebiak 1982, 1986; etc.). In particular, it yields
the QE moist static energy equation (4.4) with an in-
ternally defined stability parameter, M, appearing in a
term associated with the large-scale convergence. We
note that, even though (4.4) is expressed in terms of the
boundary layer moist enthalpy hb, the boundary layer
dynamics is not isolated from the troposphere but feels
the moist stratification of the troposphere through M.
This differs from many simpler models in which the
boundary layer dynamics is isolated from the atmo-
sphere above.

The simplifications of tropical dynamics implied by
the QE assumptions may also help justify important
aspects of some simple models. In particular, there are
some strong parallels between our model and the Lind-
zen and Nigam (1987) model. The Lindzen–Nigam
model was primarily concerned with examining the con-
sequences of pressure gradients produced within the
trade wind boundary layer by the SST gradients below.
The role of deep convection was conceived as respond-
ing with a cumulus mass flux that carries converged
mass from the boundary layer to sufficient heights that
the pressure gradients associated with its divergence can
be neglected. Despite these differences in approach, the
fundamental connection between the models is that
strong thermodynamic constraints determine the dy-
namics through horizontal pressure (geopotential) gra-
dients implied by the hydrostatic balance. In our model,

the thermodynamic constraints are applied through
moist adjustment by deep convection, rather than
through vertical mixing, and the entire column enters
the picture rather than just the layer below the trade
inversion, but the principle is the same.

There are equally strong parallels to the model of
Neelin and Held (1987). The term MLx,yhb in (4.4) is
proportional to the gross moist stability times the ver-
tical velocity at the top of boundary layer, and the pre-
cipitation typically follows the pattern of SST forcing,
with its amplitude modulated by moist stratification. The
main difference between the Lindzen–Nigam and Nee-
lin–Held models lies in the fact that the boundary layer
temperature does not exactly follow the SST but rather
is ‘‘spread out’’ by the dynamics due to inversion of
Lx,y. The amplitude of hb depends on a balance of moist
stratification and thermal damping processes due to sur-
face fluxes and radiative effects. The latter implies that
boundary layer temperature is never brought exactly to
Ts no matter how small M is. Thus, at least in the context
of a MCA scheme, the model presented here reconciles
Lindzen–Nigam and Neelin–Held approaches. If recon-
sidered in terms of the present model (for small anom-
alies on a slowly varying basic state dominated by deep
convection), there is no fundamental contradiction be-
tween approaches based on (i) constraints on baroclinic
pressure gradients (akin to Lindzen–Nigam) or (ii) moist
static energy conservation and an effective static sta-
bility for large-scale convective motions (akin to Nee-
lin–Held).

We also note that the analytic approximations in
(3.10) and (3.13) are similar in form to the Gill-like
models (Gill 1980; Zebiak 1982, 1986; Lindzen and
Nigam 1987; Neelin 1989) if the following parameter
equivalence is made:

2 ˆc [ M/A*, e [ (Ae 1 e )/A*, andT r T

Q [ (1 1 g )(e /A*)T , (4.6)0 T s

where c is the phase speed for a prescribed internal
mode, eT is the thermal damping rate in height equation,
and Q is the prescribed heating in the Gill-like models.
Even though the simplest form of our solution is similar
to the Gill-like models, it has several advantages in
terms of interpretation. In particular, the propagation
characteristics are internally determined by the gross
moist stability (M), which is explicitly defined in terms
of basic-state thermodynamic parameters and which per-
mits horizontal inhomogeneity instead of being an ar-
bitrarily specified constant in the Gill-like models. The
thermal damping is also defined more precisely and in-
cludes radiative cooling and damping effects due to the
parts of sensible heat and evaporation related to the
boundary layer temperature and moisture perturbations.
The forcing sources come from the parts of the sensible
heat and evaporation fluxes related to Ts and qsat(Ts)
(forcing due to the latter is usually much larger than the
former). Thus both sensible heat and evaporation fluxes
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TABLE 1. Magnitude of some constants used to construct the at-
mospheric response to SST forcing in the Gill-like version of the
model. Here, M and Mq are calculated from Jordan’s (1958) sounding
profile.

Parameter Symbol Value

Gross moist stability M 180 J kg21

Gross moisture stratification Mq 1000 J kg21

Cloud-top pressure pT 150 mb
Cloud-base pressure pb 950 mb
Sea surface level p0 1000 mb
Tropospheric depth DpT 850 mb
Mechanical damping rate em (2 days)21

Newtonian cooling rate er (10 days)21

Surface exchange coefficient CD 1.5 3 1023

Effective damping rate by
E and SH implied by CD eT (20 days)21

FIG. 1. Boundary layer temperature (contours) and precipitation (shading) perturbations in
the Gill-like case for a simple SST forcing. Contour interval is 0.05 K. Hatched area denotes
negative precipitation perturbations, and dotted area denotes positive precipitation perturba-
tions. Positive precipitation larger than 2 mm day21 is shown by dense dots. Continental
outlines are for scale reference only. The SST forcing pattern (described in the text) is very
similar to the region of positive precipitation with a maximum of 1 K at 1608W, 68S.

are also internally determined by the response, not just
by the forcing alone.

c. A Gill-like case

To understand the most basic dynamics of the model
and show the relationship between familiar two-dimen-
sional Gill-model solutions and three-dimensional flows
dominated by deep convection, an idealized positive
SST anomaly pattern is used to force the simplest form
of the model. This idealized positive SST pattern (not
shown) has a half sinusoidal distribution in longitude
from 1608E to 1208W with a maximum of 1 K at 1608W,
68S. Its magnitude decays quickly in meridional direc-
tion as a Gaussian with a e-folding scale of 68 latitude.
We note that spatial distributions of M and Mq can be
directly estimated from sounding data (Yu et al. 1997).
For the moment, we let M be constant in the whole
domain of interest in order to compare the model with
the Gill (1980) solutions. Values of M, Mq, and other
thermodynamic variables presented in section 3 are cal-
culated using Jordan’s (1958) sounding profile. Table 1
summarizes important parameters used in this section.

Since the kinematic part of this model is similar to
the Gill model (1980) and its solutions are familiar to
many readers, we focus on the three-dimensional ther-
modynamic response. Figure 1 shows the model tem-
perature at the bottom of the PBL (Tb) and precipitation
(P) in response to the SST forcing. As expected from
(4.4), Tb does not exactly follow the SST distribution
but is modified by the moist wave dynamics. In partic-
ular, Tb is more locally confined near the SST anomaly
center in the Southern Hemisphere than in the Northern
Hemisphere. We also note that the amplitude of Tb is
far less than the associated SST anomalies. This be-
havior was noted also by Raymond (1994) in a simple
tropical circulation model. The maximum value of Tb

is just slightly over 0.2 K, compared to the maximum
SST anomaly of 1 K. The precipitation perturbations
(i.e., convergence zone), however, show strong resem-
blance to the SST pattern. The positive precipitation
perturbations roughly follow the SST pattern with a
maximum value over 4 mm day21. We note that there
is a slight tendency of southeast extension in the con-
vergence zone even though the SST does not provide
this tendency. The negative precipitation perturbations
are found to the north and to the east of the positive
SST anomalies, associated with local asymmetric Had-
ley and Walker circulations in these regions. As dis-
cussed following (4.5), for a larger-scale SST anomaly,
Tb would follow SST more closely and precipitation
would follow it less closely.

Figures 2a–c display the latitude–height sections of
the atmospheric response in temperature, pressure ve-
locity, and specific humidity, respectively, along 1608W
longitude. In Fig. 2a, the temperature perturbation has
larger amplitude in the upper troposphere with a max-
imum value just over 0.5 K and with the vertical struc-
ture dictated by the strong convective constraints under
MCA’s QE assumptions. Vertical motion (Fig. 2b) has
maximum amplitude at about 450 mb and a single sign
throughout the troposphere, again related to QE con-
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FIG. 2. Latitude–height sections of the atmospheric response along 1608W longitude in (a) pressure velocity, (b)
temperature, (c) specific humidity, (d) precipitation contributions due to the moisture convergence (solid line) and
local evaporation (dashed line), (e) latent heating (Qc), and (f) moisture source (2Qq). Solid lines in (a), (b), (c),
(e), and (f) denote positive perturbations; dashed lines denote negative perturbations. The contour intervals in (a),
(b), (c), (e), and (f) are 5 mb day21, 0.1 K, 0.03 g kg21, 0.3 K day21, and 0.3 K day21, respectively.

straints. The horizontal distribution has upward motion
roughly over regions of positive SST anomalies. The
rising motion is compensated in longitude as well as
latitude so the descending branch south of the SST forc-
ing is weak. Significant moisture perturbations are con-
fined to the lower troposphere (Fig. 2c) with a vertical
profile given by the moisture closure (3.2). The maxi-
mum amplitude, determined by horizontal dynamics,
reaches 0.25 g kg21 in the PBL. This can be compared
to the difference (Ts) of about 1 g kg21 created byq9sat

the SST anomaly. As with temperature, the nonlocal
dynamics prevents from approaching tooq9 q9 (T )b sat s

closely, thus creating evaporation in that region.
Figure 2d compares the precipitation due purely to

moisture convergence (solid line) with the local evap-
oration (dashed line). Both curves roughly follow the
SST anomaly pattern with positive response over pos-

itive SST regions. The precipitation perturbation due
purely to the moisture convergence is much larger
than the local evaporation over positive SST anomaly
regions. This is as expected but serves to indicate the
dominance of nonlocal processes by CID in deter-
mining the atmospheric response to the SST anomaly
forcing. If the evaporation–wind feedback were in-
cluded, the evaporation structure could change sub-
stantially but the precipitation pattern would be less
altered.

Figures 2e and 2f show the convective heating (Qc)
and moisture source (Qq) perturbations calculated di-
agnostically from (2.1d) and (2.1e). Since Qc and Qq

terms are mostly balanced by the adiabatic process (i.e.,
v]ps and v]pq) in the deep convective regions, we have
neglected contributions from the diffusive fluxes in
these figures. In Fig. 2e, consistent with the vertical
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velocity profile, heating (cooling) is found throughout
the troposphere in the ascending (descending) regions
and the maximum heating rate can reach 2 K day21,
while in Fig. 2f, the moisture sink (source) is found in
ascending (descending) regions. The higher maximum
of heating versus moisture sink comes from the structure
of ]ps and ]pq in Jordan’s (1958) profile.

5. Conclusions

Simple analytic solutions are presented for deep con-
vective regions in a linearized primitive equation model,
based on the quasi-equilibrium assumptions of a moist
convective adjustment convective parameterization. The
QE assumptions, in which both temperature and mois-
ture are assumed nearly in adjustment with the reference
profiles, greatly simplify the dynamic response of the
tropical flow through strong constraints acting on the
thermodynamic profiles. The model solution separates
into vertical structures determined by the thermodynam-
ic constraints and equations in (x,y,t) for horizontal
structures, akin to shallow water equations. The ther-
modynamics is governed by a simple form of the QE
moist static energy equation (3.13). Two internally de-
fined parameters arise: the gross moist stability (M) and
the gross moisture stratification (Mq). The first acts as
an effective static stability for the system, determining
phase speeds and affecting response to external forcing.
The latter is important to precipitation, although it does
not directly impact the dynamics. Both are examined in
data by J.-Y. Yu et al. (1997, manuscript submitted to
J. Atmos. Sci.), where spatial variations of these are
considered. Our derivation permits horizontal inhomo-
geneity of the basic state, provided it has sufficiently
small spatial derivatives. This solution provides a de-
tailed example of the implications of ‘‘quasi-equilibrium
thinking’’ advocated by Emanuel et al. (1994).

The horizontal structure equations of the QE-based
model can be simplified to a Gill (1980) model if the
parameters of the latter are suitably redefined. However,
the model has several advantages over the Gill-like mod-
els in terms of physical interpretation. In particular, the
model produces a three-dimensional, thermodynami-
cally consistent circulation. Also, instead of being ar-
bitrarily specified as in the Gill-like models, the prop-
agation tendency (dictated by M) can be directly esti-
mated from the atmospheric sounding profiles. The ther-
mal damping used in Gill-like models is also better
defined in our model. It results from a combination of
the longwave radiation and contributions from the sen-
sible heat and evaporation.

The analytical solutions give some insights into sim-
ple models and into the mechanisms by which SST
drives tropical circulation. The role of convective in-
teraction with dynamics enters most strongly via the
constraints convection places on the large-scale circu-
lation by determining the vertical structure of baroclinic
pressure gradients. The SST forcing enters the boundary

layer thermodynamics through evaporation and sensible
heat fluxes, which are calculated internally as part of
the atmospheric response (as in a GCM and in contrast
to some simple models). The entire tropospheric ther-
modynamics participates in determining the response
(through M) rather than just the layer below the trade
inversion as in some simple models, notably Lindzen
and Nigam (1987). While surface fluxes tend to bring
the PBL temperature and moisture toward values given
by SST, changes in PBL moist static energy are trans-
lated by convection into baroclinic pressure gradients.
Vertical motions implied by these must do work against
the gross moist stability. This has the effect of making
the solutions nonlocal in the horizontal and preventing
PBL moisture and temperature from entirely adjusting
to local SST. The solution results from the balance of
surface fluxes versus moist wave dynamics governed by
the gross moist stability.

This balance of mechanisms contains elements of
both the Lindzen–Nigam (1987) and Neelin–Held
(1987) mechanisms, permitting a reconciliation of these
views. As in the Lindzen–Nigam view, strong con-
straints on temperature determine the dynamics through
baroclinic pressure gradients. As in the Neelin–Held
view, there is an effective moist stability and work done
against this must be balanced by surface fluxes. Here,
the two are inseparable and both must be included for
a consistent picture. For the simplest Gill-like case, the
present model is mathematically similar to these models,
or even to the convergence feedback models (Webster
1981; Zebiak 1986), but it allows the parameters of these
models to be defined in terms of fundamental variables.
For instance, the value of the ‘‘convergence-feedback
parameter’’ can be obtained from the gross moist sta-
bility, which in turn can be estimated from data. Physical
interpretation is easier because the relation to the prim-
itive equations and the parameterized effects of moist
convection are clearer.

Some caveats apply to the results presented here.
First, they apply only in regions where the vertical pro-
file of temperature is constrained by convection, that is,
regions where deep convective events occur sufficiently
frequently in space or time that the large-scale temper-
ature is approximately set by the deep convection. Here
we use leading-order approximations under the as-
sumption that the timescale of convective adjustment is
fast compared to other processes. We know from YN
and Emanuel (1993) that departures from this assump-
tion—allowing for the effects of adjustment time—can
stabilize smaller scales. Such departures from strict QE
may also be important for comparing model predictions
to observations (R. Brown and C.S. Bretherton 1996,
personal communication). In our usage here, the time-
scale at which deep convection adjusts the troposphere
toward the boundary layer is assumed smaller than the
timescale at which surface fluxes adjust the boundary
layer, to the surface conditions (on the order of a day).
If these timescales are comparable (as in Raymond
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1995; Emanuel 1995), then our approach remains valid
if both are short compared to other timescales. Treat-
ment of the effects of finite adjustment time in both
processes will be of interest in future work.

Second, while the derivation works cleanly for the
nearly inviscid time-dependent case, for the steady-state
case where momentum damping is important we have
used an admittedly oversimplified Rayleigh friction.
This is because inclusion of a vertical viscosity repre-
sentation of turbulent vertical momentum mixing sig-
nificantly complicates the solutions. Numerical tests (Yu
1993) suggested that the inclusion of even a quite simple
treatment of vertical viscosity can considerably improve
the meridional flow relative to the simple case used here,
while thermodynamic aspects and vertical structures
above the PBL remain much the same as in the present
solutions. Ekman pumping due to boundary layer effects
does produce modifications to the solution (Yu 1993;
Wang and Li 1993, 1994). The results presented here
make large-scale flow in convective regions seem sim-
ple. While recognizing caveats, they offer a useful per-
spective on the behavior of tropical circulations.
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