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Abstract

In this study we perform a reanalysis of the sparse MEA CRRES relativistic electron
data using a relatively simple 1D radial diffusion model and a Kalman filtering approach.
By combining observations with the model in an optimal way we produce a high time and
space resolution reanalysis of the radiation belt electron fluxes over a 50 day period starting
on August 18, 1990. The results of the reanalysis clearly show pronounced peaks in the
electron phase space density (PSD), which can not be explained by the variations in the
outer boundary, and can only be produced by a local acceleration processes. The location
of the innovation vector shows that local acceleration is most efficient at L*=5.5 for
electrons at K=0.11 G*° Rgand =700 MeV/G. Sensitivity numerical experiments for
various values of xand K indicate that peaks in PSD become stronger with increasing K
and . To verify that our results are not affected by the limitations of the satellite orbit and
coverage we performed an “identical twin” experiments with synthetic data specified only
at the locations for which CRRES observations are available. Our results indicate that the
model with data assimilation can accurately reproduce the underlying structure of the PSD
even when data is sparse. The identical twin experiments also indicate that PSD at
particular L-shell is determined by the local processes and can not be accurately estimated

unless local measurements are available.

1. Introduction
The Earth’s energetic electron radiation belts exhibit a two zone structure with the

inner belt being very stable and outer belt varying on the timescales ranging from
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minutes to weeks. There are three adiabatic invariants («, J, @), each of which is
associated with one of the three periodic motions: gyro-motion, the bounce motion in
the Earth's magnetic mirror field, and the azimuthal drift due to magnetic curvature and
gradients. In observational studies the invariant K, which is a combination of the first
and the second adiabatic invariants, is often used. Invariant K is a purely field-
geometric quantity, which is independent of the particle charge and mass. Adiabatic
invariants may be related to measured satellite quantities (see Appendix A).

Each invariant can be violated when the system is subject to fluctuations on time
scales comparable to or shorter than the associated periodic motion [Schulz and
Lanzerotti, 1974]. In the collisionless magnetospheric plasma, wave-particle
interactions provide the dominant mechanism for violation of the invariants, leading to
changes in radiation belt structure. When the PSD of radiation belt particles increases
with increasing radial distance, ULF waves, violating the third adiabatic invariant @,
provide random displacements in radial location, which lead to a net diffusive inward
transport. If the first two adiabatic invariants are are conserved, inward motion of the
particles into the region of stronger magnetic field results in the acceleration of
particles. Since the power in ULF waves is considerably enhanced during magnetic
storms [Mathie and Mann, 2000], radial diffusion is considered to be an important
mechanism to account for the acceleration of energetic electrons during storm
conditions.

Radial diffusion models [e.g. Brautigam and Albert, 2000; Miyoshi et al., 2003;
Shprits et al., 2005], are capable of reproducing the general structure of the radiation

belts and the inner boundary of fluxes by redistributing relativistic electrons. However,
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radial diffusion with constant outer boundary is incapable of reproducing pronounced
peaks in PSD [Shprits and Thorne, 2004], frequently observed in the recovery phase of
a storm [Selesnick and Blake, 2000; Green and Kivelson, 2004; Iles et al., 2006, Chen
et al., 2006]. The peaks in PSD observed in these studies are consistent with local
acceleration by VLF chorus waves and later redistribution by diffusion [Varotsou et al .,
2005; Shprits et al., 2006b] but could also be explained by variations in the PSD at the
outer boundary of the radiation belts, the difference in pitch-angle distributions at
different L-shells, or the systematic differences in measurements on different satellites.
In this study we use a radial diffusion model and a Kalman filter [Kalman,
1960] to produce an objective analysis of the sparse PSD observed on CRRES satellite
[Vampola, et al., 1992] for various values of adiabatic invariants x and K. We show
that our diffusion model [Shprits et al., 2005; 2006b], without local acceleration
processes, combined with observations that respond to the net effect of all processes,
can identify where diffusion alone is insufficient to account for observed PSD peaks.
We further use the results of this reanalysis to determine the location of the peak of

fluxes and verify that the peaks are not formed by variations in the outer boundary.

2. Model and Observations
2.1 CRRES MEA Observations

In this study, we use observations of the electron PSD from the Combined Release
and Radiation Effects Satellite (CRRES). CRRES was launched in July 1990 with a highly
elliptical geosynchronous transfer orbit, and the mission ended in October 1991 due to a

power subsystem failure. The Medium Electron A (MEA) instrument aboard CRRES
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measured pitch-angle resolved electron fluxes with an energy range from 110 keV to 1527
keV [Vampola et al., 1992]. The low inclination of CRRES (~18°) allowed the MEA
instrument to measure near-equatorially mirroring electrons across a range of L-shells.

To convert the differential electron flux measured on CRRES into PSD at given phase
space coordinates (|, K, L), we also need magnetic field information. The in-situ magnetic
field measurements from the fluxgate magnetometer aboard CRRES are used for the
calculation of p. A global magnetic field model is needed to calculate K and L, and here we
use the Tsyganenko 1996 model [Tsyganenko and Sern, 1996]. More details on the

calculation of PSD and adiabatic invariants is given in [Chen et al., 2005; 2006].

In Section 2 and 3 we study PSD at fixed values of invariants x and K. Equatorial pitch-
angle and kinetic energy may be related to adiabatic invariants using definitions given in
Appendix A. For a dipolar magnetic field, the equatorial pitch-angle of electrons may be

related to the invariant K as [Schulz and Lanzerotti, 1974] :

Y, /ﬁK —2.7604(1- y) +0.6396(yIn y+ 2y — 2,/y) =0 (1)

where y=sin(o.),the invariant K is measured in G**Re. Kinetic energy of a particle may be

related to the first adiabatic invariant as

E- EO{\/(%H] 1} @)
E,sin“(a)

Figure 1 shows the variation in pitch-angle and energy of electrons at K=0.11 G and

1=700 MeV/G as they radially diffuse, conserving the first two adiabatic invariants, in a
dipolar magnetic field and can also be used to relate PSD at a given L to the more familiar

quantities of pitch angle and energy. While pitch-angle of electrons changes by only few



128  degrees, electrons can gain (or loose) a relatively large amount of kinetic energy by

129  diffusing inwards (or outwards) by only few L-shells.

130 Figure 2 top shows CRRES MEA observations of PSD at K=0.11 G%° Rg and x=700
131  MeV/G. When PSD is inferred from the observations of fluxes at fixed kinetic energy, the
132 restrictions in minimum and maximum energy observed by MEA results in a limited range
133  of L-shells for which PSD is available. Since the CRRES orbit is approximately 8.5 hours
134  the data is not available every hour and orbital properties impose limitations on the radial
135 coverage of the inferred PSD. Consequently in the current study we combine the radial
136  diffusion model with hourly averaged CRRES MEA observation at fixed values of K and u

137 by means of Kalman filtering.

138 At our chosen values of £=700 MeV/G and K=0.11 G*®> Re the electron kinetic

139  energy is above 0.5 MeV and thus electrons experience a net acceleration by chorus waves

140 [e.g. Meredith et al., 2001, 2002; Horne and Thorne, 2003; Horne et al., 2005a; Shprits et

141  al., 20064, Li et al., 2007] leading to peaks in PSD. This choice of values of the adiabatic

142  invariants also allows us to infer PSD for a relatively large range of L-shells from CRRES

143 MEA observations.

144

145 2.2 Radial Diffusion Model

146 If the first and second adiabatic invariants are conserved, the violation of the third invariant

147  may be described by the radial diffusion equation [e.g. Shultz and Lanzerotti, 1974]

14 ﬂ= thﬂj D, L—Z(ﬂJ _L1 (3)
ot oL Ju oL Ju T,

149

oo
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where f(L,t) is the particle phase-space density (PSD) at a fixed first and second adiabatic
invariants, Dy is the cross-L diffusion coefficient, 7 is the time scale for particle losses.
In this study we adopt a data-derived empirical relationship for the rate of radial

diffusion due to magnetic fluctuations [Brautigam and Albert, 2000]
D/ (Kp,L) =100 =901 10 'Kp =110 6 (4)

which tends to dominate throughout the outer radiation zone. Parameterization (4) is

consistent with the theoretical estimates of Perry et al, [2005] in the heart of the outer zone.

Figure 2 (middle) shows the results of the radial diffusion simulations. The model with
constant boundary conditions does not produce significant variations in the outer region,
but approximately describes the inner boundary of fluxes and the location of the peak of
fluxes [Shprits et al., 2005]. Our model is driven by the variation in Kp index only, which
modulates both radial diffusion rates and lifetimes (Figure 2 bottom). The inner boundary
for our simulation f(L=1)=0 is taken to represent loss to the atmosphere, while the outer
boundary condition is set at L=7. To solve the radial diffusion equation we use an implicit
unconditionally stable scheme. Lifetime 7 is parameterized as 5/Kp following [Shprits et

al., 2006b]. For more detailed description of the model see [Shprits et al., 2005; 2006b].

3. Data Assimilation using the Kalman Filter

Data assimilation is an algorithm which allows for optimal combination of
model results and sparse data from various sources, contaminated by noise and
systematic errors [Kalman, 1960]. The accuracy of any model predication depends on
the accuracy of estimation of the initial state of the system and on how well dominant

physics is described by the model. At the times of updates the data assimilation filtering
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algorithm first verifies the model forecast with data, and then combines data with the

model results.

Satellite observations are often restricted to a limited range of L shells, pitch-angles,
and energies. Additionally observations at different L-shells are taken at different points
along the spacecraft orbit and therefore at different times. The unavoidable limitations in
the data complicates the analysis of the radial profiles of the PSD, which is essential for
understanding the relative contribution of either local acceleration or radial transport on the
evolution of the radiation belt electrons. Therefore, to understand the dynamics and
dominant physical processes in the radiation belts as well as to create accurate statistical
models, observations should be combined with physics based dynamical models. Friedel et
al., [2003] assimilated geosynchronous and GPS data by directly inserting it into the
Salambo code [e.g. Bourdarie, 1997; 2000], which solves the modified Fokker-Planck
equation. More recently Naehr and Toffoletto, [2005] by using an idealized radial diffusion
model (with no losses or sources) illustrated, using an example of synthetic data (“data”
produced by the model with which has a slightly different set of parameters) how more
advanced, optimal techniques (Kalman filter) may be applied to radiation belt forecasts.

The “Kalman filter” is a data assimilation method which combines a numerical
model and sparse data, in a way which minimized mean-squared errors [Kalman, 1960].
The underlining assumption of the Kalman filter is that the errors of model and
observations are unbiased and obey Gaussian distribution. The sequential Kalman filter is
applied during the update times. The numerical forecast is first verified against the new
data, and then combined with data. Evolution of errors is accounted for by the error

covariance matrix which is propagated in time by the Kalman filter. Kalman filter also
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includes the possibility to constrain uncertain parameters of the physical model.
Kondrashov et al. (2007) used the Kalman filter and 1 MeV electron fluxes observed on
CRRES to estimate the lifetimes of relativistic electrons in a radial diffusion model.
Parameter estimation is a more challenging problem than a mere state estimation due to
additional nonlinearities that arise in the estimation process, and requires non-linear

extensions of the standard Kalman filter formulation, outlined below.

3.1 Kalman Filtering Methodology

For a given system of the partial differential equations the numerical algorithm,

explicit or implicit, may be presented in a discrete form:

ka = lPk—lwkf—l ' (5)

where w represents a state vector, which is composed of all model variables (for our
radiation belt model, it is a vector of PSD at various L) and ¥is a matrix of the numerical
model (in our case of discretized Eq. (4)) which advances the PSD in discrete time
increments). Superscript “f” refers to a forecast and the subscript indicates the time step.

The evolution of w ' (superscript "t refers to “true”) is assumed to be given by

W|t< = lPk71W|t<71 + bIT—l (6)

where b is a model error, represented by a spatially correlated E(b™ b™)=Q white noise
(E(b™=0), Q is a model covariance matrix, and symbol E represents an expectation
operator in time. The observations wi° (superscript “o0” refers to “observed”) are assumed to

be also contaminated by errors:



221
222

223

224

225

226

227

228

229
230

231
232

233

234

235

236

237

238

239

240

241

242

243

w, = H,w, + b (7)

where by ° is an observational error, represented by a spatially correlated (E(b° b°")=R)

white noise (E(b°)=0) , R is an observational error covariance matrix.

The observational matrix Hx maps the true space on to the observed space and
accounts for the fact that only certain variables are observed and the number of observed
variables is usually less then the dimension of a state vector. During the update times we
use the forecasted state vector and vector of observations to produce the analysis

(superscript “a”) state vector

wl =w, +w,, (8)

where w, =K, (w?—H,w,) is the innovation vector, Ky is the Kalman gain matrix

computed at each time step using a time evolving forecast error covariance matrix P' given

in Equations (9-10).
P/ =¥ ,P¥Y ka+Q,, ©)
Ke=R'H{(HR'H; +R)™ (10)
The error covariance matrix is also updated on the analysis step as

P2=(I -K,H)PR'. (11)

The innovation vector shows how much additional information from the data will
modify the model forecast in order to produce an optimal estimate of the state of the
system. The value and the sign of the innovation vector depend on how much the observed

and modeled values differ from each other, and on the estimated forecast and observational

10
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errors. For a detailed description of the Kalman filter algorithm see for example [Ghil and
Malone-Rizzoli, 1991]. In the standard formulation of the Kalman filter, the model and
observational error covariances matrices Q and R are assumed to be known. This rarely
happens in practice and usually some simple approximations are made. In the current study
the matrices Q and R are assumed to be diagonal and each of the diagonal elements are

equal to 50% and 500 % of the modeled and observed PSD variance, respectively.

3.2 Reanalysis Results

By using information contained in the model matrix, sparse CRRES observations
modify the PSD at all values of L at the time of updates, which are performed every hour of
the simulation. Figure 3 top shows the result of the data assimilation with a radial diffusion
model, which is usually referred to as “reanalysis” in atmospheric sciences [e.g. Kalanay et
al., 1996]. Since data at L*= 7 is not available for all times of the simulation we use the
PSD L*=7 from the analysis step of the data assimilation as a boundary condition on the
next forecast step. The boundary condition is modified by the data innovation even when
data is not available. Figure 3 (middle) also shows the daily averaged CRRES data, for a
direct comparison with the reanalysis. Note that unlike the simulations shown on Figure 2
the boundary condition is dynamically adjusted by the data and model as described above.
Careful visual (subjective) analysis of the daily averaged values shows that for most of
times daily averages are consistent with the reanalysis. However, the limited range of L-
shells for which daily averages are available (and averaging over different parts of different

orbits) complicates the analysis of the observations. As seen from Figure 3 peaks are

11



266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

formed when PSD is increasing, which clearly rules out the possibility of peaks being

formed by the decrease at the outer boundary which can only decrease the PSD.

Figure 4 shows the 50-day averaged innovation vector from the analysis time step
of the data assimilation (see Eq. (9)). It has a pronounced peak at L*~5.5, indicating that
observations are consistently adding PSD at this location in space. Presence of the peaks in
the radial profile of the PSD may be explained by local acceleration driven by chorus
waves operating near L*~5.5, which is not accounted for by the radial diffusion model [e.g.
Varotsou et al., 2005], while negative values of the innovation vector at L*=7 may be due
to the losses to magnetopause and consequent outward radial diffusion [Shprits et al.,
2006b]. Other local processes such as acceleration by magnetosonic waves may also

contribute to acceleration of electrons [Horne, et al., 2007].

3.3 Profiles of PSD at different values of the invariant K

To verify that the effects of peaks in PSD produced by the local acceleration are
observed at various values of pitch-angles and consequently at various values of K we
repeated the analysis described in Section 3.2 for the three values of K of 0.025, 0.11, and
0.3 GY?Re. For a dipolar magnetic field three chosen values of K and fixed =700
MeV/G electrons’ equatorial pitch-angles are approximately 70°, 50°, and 35" respectively
(Figure 5). Assimilated PSD shows peaks around 5-6 Rg in all three cases (Figure 6). Peaks
are stronger at higher K values, consistent with the observations of two case studies of the
October 9 and August 26, 1990 [lleset al., 2006].

As suggested by lleset. al. [2006] this effect could be due to the increase in energy

with increasing K-value, or also could be due to a weaker radial diffusion rates at higher

12
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values of K. The result of the Kalman filtering are mostly controlled by the observations
since the observational uncertainty is small compared to the estimated forecast error.
Radial diffusion simply redistributes PSD, which is mostly determined on the analysis step
by the data. Even though the radial diffusion rates are independent of the pitch-angle in our
model, the pitch-angle dependence is produced by the data innovation.

The similarity in the spatial and temporal patterns of the PSD at different values of
K shows that local acceleration is effective for a range of energies. It also indicates that
pitch-angle diffusion is fast enough to transport particles in pitch-angle and establish
equilibrium shapes of the pitch-angle distributions which increase and decay as a whole.
Such behavior is similar to the recent results of the pitch-angle and energy scattering

simulations [Shprits et al., 2006c¢].

3.4 PSD for various values of the magnetic moment u

Figure 7 shows the change in energy of electrons in the dipolar field, diffusing radially
and conserving the first and the second adiabatic invariants for K=0.11 G2 Re and
relatively small values of =550 MeV/G and /=700 MeV/G. For a fixed value of K,
particles with higher value of the first adiabatic invariant have higher kinetic energy. The
location of the peaks in data assimilation results (Figure 8) as well as times at which peaks
are formed and decay are similar. However, in the case of higher magnetic moments the
PSD peaks are more pronounced. This result is also consistent with theoretical estimates of
the effect of the competition of acceleration and loss. Scattering losses produced by chorus
waves dominate over acceleration for electrons at energies below ~ 300-500 keV, while
above 1 MeV chorus waves produce net acceleration [Horne, et al., 2006; Li et al., 2007].

At lower energies the net acceleration is weaker and should produce more monotonic

13
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profiles of PSD, which can explain the observed strengthening of the peaks with increasing

magnetic moment.

4. ldentical twins experiments (Simulations with synthetic data)

If the model used for the simulations consistently underestimates observations, and
measurements are confined to a limited range of L-shell, the observational data will
increase the PSD at the locations where data is available and may produce artificial peaks
in PSD. To verify that the peaks are not a result of the limitations in data coverage we
conducted numerical experiments with so-called “synthetic data”. Such tests are also
commonly referred to as “identical twin experiments” and are performed to verify the
robustness of the method. In the identical twin experiments, model simulations with a
given set of parameters are performed to produce “synthetic data” which is used as a
source of artificial observational data for the subsequent data assimilation numerical
experiments.

For our first identical twin experiments we initially performed the radial diffusion
simulation with a lifetime t parameterized as 5/Kp (Figure 9 top). By taking only points for
which CRRES observations are available we create a synthetic sparse data set (Figure 9
second panel). This data is assimilated with the radial diffusion model for which lifetime is
parameterized as 1/Kp. The results of the model simulations without data assimilation are
shown on Figure 9 (third panel). We choose the parameters of the model so that our
artificially produced data overestimates model results. This allows us to verify that data
assimilation is capable of reproducing a general structure of the underlying PSD even when

the data is sparse. In the identical twin experiment the underlying structure of PSD is

14
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is known, in our case monotonic profile of the PSD.

The results of the data assimilation show that the reconstructed PSD ,(Figure 9,
forth panel) even when artificial data overestimates the model results, captures monotonic
profiles of the underlying PSD. The model with data assimilation quite accurately
reproduces synthetic data at L>5 where observations, even though sparse, are available, but
fails to reproduce the PSD at lower L-shells where no data is available. At lower L-values
the dynamics of the radiation belts fluxes will depend on the competition between local
acceleration and loss processes and can not be accurately determined using only
observations at higher L-shells.

Figure 10 shows the results of the identical twin experiments with synthetic data
which underestimates the model results . As in the previous case, the model with data
assimilation is able to reproduce the underlining structure (monotonic profile of PSD) and
reproduces quite well values of the synthetic data at higher L-shells, but fails to reproduce
synthetic data at lower L-shells, where no synthetic data is available.

Figure 11 shows the averaged innovation vector for the identical twin experiments
described above. The innovation vector is positive when the data overestimates the model
results (the lifetime used for the synthetic data is longer than for the physical model) and
negative when data underestimats observations. Unlike in the case of simulations with
CRRES data, the innovation vector is monotonic at all L-values for which data is available,
(compare with Figure 4). This shows that peaks of the PSD shown on Figures 3,6 and 8 are
not produced by the limitations in the data coverage, but instead reflect information

contained in the underlying PSD observations.
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5 Discussion

In this study we show how data assimilation using a Kalman filter may be applied to
reconstruct PSD (perform reanalysis) for a sparse data set. We used a relatively crude 1D
radial diffusion model, which has significant “errors”, on the scale of a few hundred
percent. The term “error” conventionally used in the description of the Kalman filter
actually results from a physical limitation of the models. These limitations can be
incorporated into the data assimilation algorithms by assigning an “error” and allowing the
model to be adjusted to assimilated data. Since we have a rather inaccurate model, we
specify model and observational errors such that data points have more weight in the
analysis step than the information provided by the model. In this case data assimilation can
be considered as a smart interpolation algorithm, which reconstructs observations using a
transport model at all radial locations with a high time resolution. Even with a simple
physical model and a very sparse data we are able to objectively reconstruct PSD and study
the dynamical evolution of its radial profiles. We also show that at each L-shell, radiation
belt dynamics are strongly influenced by the local processes, and that observations at all L-
shells are required to constrain the model solutions. This has important implications for the
design of future missions and choice of the future satellite orbits and future improvements
of the models.

However the capabilities of data assimilation, can go far beyond that. Data
assimilation can be used to combine model and data from different satellites and
instruments, which may have different observational errors to simulate the global evolution
of radiation belt fluxes. The reanalysis of data from multiple spacecraft may result in a

significant reduction of the error of the analysis, compared to the errors of each of the
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satellites or instruments. Observational errors for each satellite can be specified so that data
from more accurate instruments has more weight on the analysis step, while even quite
inaccurate measurements can still contribute to the final reanalysis data product.

Application of the Kalman filter to a 3D model, which takes into account radial
diffusion, pitch-angle scattering, and local acceleration, will provide even further
improvement to assimilation techniques. Such 3D models can potentially account for more
physical processes and can also use the knowledge of the dynamics of pitch-angle
distributions and energy spectrum which will allow to utilize a vast array of available
measurements.

Inter-calibration of the satellites is conventionally performed using satellite
conjunctions (measurements of the same variables on a given flux tube [e.g. Friedel et al.,
2005]). Differences in the instrument parameters, the range of measured pitch-angles and
energies, and differences in the orbital properties usually limit the number of available
conjunctions. With new magnetic field models and more data available from multiple
satellites new inter-calibration techniques based on comparison of PSD on a magnetic drift
shell offer some additional, but still limited, inter-calibration opportunities [Chen et al.,
2005]). Data assimilation offers another, more flexible and robust, way to study the errors
of various space instruments and inter-calibrate them. By using a reanalysis based on the
different satellites we may compare the observational errors and correct for systematic
errors. Comparison of reanalysis data products, which are produced with a different set of
instruments, will not be limited to conjunction points and will be available at all times.
Results of the reanalysis may be also used for statistical studies and creation of the

empirical models [e.g. Vassiliadis et al., 2003, 2005; Kondrashov et al., 2005].
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409

410 6. Conclusions

411

412 In this study we have performed reanalysis of the PSD for the set of fixed values of
413  adiabatic invariants x and K using the radial diffusion model. We show that at ;=700

414  MeV/G and K=0.11 G%* radial profiles frequently exhibit peaks in PSD which can not be
415  produced by the variation in the outer boundary and may thus be only explained as a result
416  of local acceleration of electrons. The peak of the innovation vector is located

417  approximately at L=5.5 indicating the location of the local acceleration source. Reanalysis
418  of the phase space densities at different values of K of 0.025, 0.11 and 0.3 G2 Re shows
419  that peaks are present at the same times at various pitch-angles, but are stronger at higher
420  values of K (smaller pitch-angles). Peaks at lower values of (500 MeV/G) are also less
421  pronounced, most likely due to energy dependence of the local acceleration and loss. Using
422  synthetic data we show that sparse CRRES MEA data is sufficient for reconstructing the
423  PSD with high resolution in time and space using the Kalman filter.

424

425  Appendix A: Adiabatic Invariants and PSD calculations

426  First adiabatic invariant associate with a gyro-motion of a particle in the guiding center

427  reference frame may be expressed as :

2

428 L= ZFr);—B (A1)
0

429  where pis the relativistic momentum in the direction perpendicular to the direction of the

430  magnetic field, my is the electron rest mass and, B is the magnitude of the local magnetic

431  field. Second adiabatic invariant associated with bounce motion may be expressed as:
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432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

J= [pds=22pm, JLH\/Bm—B(s) ds (A2)

bounce
where py is the relativistic momentum in the direction parallel to the direction of magnetic
field, Bmis a field strength at the mirror point, Sm and S, are the distancies along the field
line from the equator to the mirror point and ds is the distance element along the field line.
K-invariant is a combination of the first two invariants which is independent on

the particle mass and charge is usually expressed as:

K_Zm SJ:;/Bm B(s) ds (A3)

The conservation of the 3" adiabatic invariant represents the conservation of the magnetic

flux through the drifting orbit around the Earth of the electron.

O = j BdS (A4)

drift

The Roederer parameter L~ is commonly used instead of @ where M is the Earth magnetic

moment.

L*— (A5)

At any L-shell PSD f may be related to the differential flux as [Rossi and Olbert, 1970]

( 10° j
2.9979-10" p°c®

Where j is the differential flux in units of (srscm?®keV)™, pcis in units of MeV and PSD

isin (MeV/c cm)™.
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Figure 1 Dependence of the equatorial pitch-angle and kinetic energy on L-shell for fixed

values of K=0.11 G*® Rz and £=700 MeV/G.

Figure 2. (Top) Hourly averaged PSD inferred from CRRES MEA observations using T98
Magnetic field model for K=0.11 G** Re and =700 MeV/G for 50 day period starting on
August 18, 1990. (Middle) Results of the radial diffusion simulations with constant outer
boundary conditions and lifetime parameterized at 5/Kp. (Bottom) Evolution of the Kp
index wused for the radial diffusion simulations. PSD is given in units of
logio(c/MeV/cm)®*1e6).

Figure 3. (Top) Results of the data assimilation with hourly-averaged CRRES MEA data
and a radial diffusion model for a 50 day period starting on August 18, 1990. (Middle)
Daily averaged CRRES MEA fluxes. (Bottom) Evolution of the Kp index used for
simulations. PSD is given as in units of log10(c/MeV/cm)**1e6).

Figure 4. 50-day averaged innovation vector as a percentage of the average value of the
PSD at a given L-shell.

Figure 5 Dependence of the equatorial pitch-angle and kinetic energy on L-shell for a fixed

value of £=700 MeV/G. and various values of K=0.025, 0.11, and 0.3 G ¥’Re.

Figure 6 PSD at for a fixed magnetic moment =700 MeV/ G and for K values of 0.025,
0.11 and 0.3 GY2 Re for 50 day period starting on August 18, 1990.. PSD is given as in
units of log10(c/MeV/cm)**1e6).

Figure 7 Dependence of the kinetic energy on L-shell for fixed 4#=550 MeV/G (left) amd

£=700 MeV/G (right) with K= 0.11 G Y?Re for both cases.
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Figure 8 PSD at 4=550 and 700 MeV/G for a 50 day period starting on August 18, 1990.

PSD is given in units of log:o(c/MeV/cm)**1e6).

Figure 9. Results of the identical twin experiment. (First panel) Results of the radial
diffusion code with a lifetime parameter t set to 5/Kp. (Second panel) Sparse data
produced by flying a virtual CRRES satellite through the synthetic data as shown on in the
first panel. (Third panel). Results of the simulations with the radial diffusion model with
1=5/Kp, used as a physics based model for the identical twin experiment. (Fourth panel)
Reanalysis of the synthetic data. (Bottom) Evolution of the Kp index used for the
simulations. PSD is given as in units of log10(c/MeV/cm)**1e6).

Figure 10. Same as Figure 9 but with data produced with parameter t=1/Kp and model
with parameter 1=5/Kp.

Figure 11. The 50-day averaged innovation vector as a percentage of the average value of
the PSD at a given L-shell for the identical twin experiments shown on Figure 9 and Figure

10.
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Figure 2. (Top) Hourly averaged PSD inferred from CRRES MEA observations using T98
Magnetic field model for K=0.11 G** Re and =700 MeV/G for 50 day period starting on
August 18, 1990. (Middle) Results of the radial diffusion simulations with constant outer
boundary conditions and lifetime parameterized at 5/Kp. (Bottom) Evolution of the Kp
radial diffusion simulations. PSD in units of
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Figure 3. (Top) Results of the data assimilation with hourly-averaged CRRES MEA data
and a radial diffusion model for a 50 day period starting on August 18, 1990. (Middle)
Daily averaged CRRES MEA fluxes. (Bottom) Evolution of the Kp index used for

simulations. PSD is given as in units of log10(c/MeV/cm)**1e6).
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Figure 6 PSD at for a fixed magnetic moment £=700 MeV/ G and for K values of 0.025,
0.11 and 0.3 GY2 Re for 50 day period starting on August 18, 1990.. PSD is given as in

units of log10(c/MeV/cm)**1e6).
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Figure 8 PSD at £=550 and 700 MeV/G for a 50 day period starting on August 18, 1990.
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Figure 9. Results of the identical twin experiment. (First panel) Results of the radial
diffusion code with a lifetime parameter t set to 5/Kp. (Second panel) Sparse data
produced by flying a virtual CRRES satellite through the synthetic data as shown on in the
first panel. (Third panel) Results of the simulations with the radial diffusion model with
1=1/Kp, used as a physics based model for the identical twin experiment. (Fourth panel)
Reanalysis of the synthetic data. (Bottom) Evolution of the Kp index used for the

simulations. PSD is given as in units of log10(c/MeV/cm)**1e6).
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Figure 10. Same as Figure 9 but with data produced with parameter t=1/Kp and model

with parameter t=5/Kp.
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675  Figure 11. The 50-day averaged innovation vector as a percentage of the average value of

676  the PSD at a given L-shell for the identical twin experiments shown on Figure 9 and Figure
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